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Abstract

Flow of a magneto-rheological (MR) fluid through different types of porous media (bundle of cylinders, packed beds of
magnetic and non-magnetic spheres and cylinders) is considered, both theoretically and experimentally. The theory is based
on averaging the magnetic and rheological properties of MR fluid in tortuous channels making different angles between local
field and local velocity. A comparison of the pressure drop through porous beds and spiral channels is analyzed and practical
recommendations are developed. It is shown that the mean yield stress of Bingham MR fluid (as well as the presauPg drop,
depends on the mutual orientation of the external magnetic field and the main axis of the flow. This theory is tested against our
experimental results and is shown to well predict the pressure drop obtained in different porous media.
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Notation

B magnetic field induction

D diameter of porous column

d diameter of granular particles

eccentricity of an ellipsoid of revolution

() frequency distribution function of the channel orientation

fd= (H;)/Hg factor characterizing demagnetization effect in porous sample
H, H magnetic field intensity

Ho, Hp intensity of the external uniform magnetic field

Q

L length of the cylindrical porous column
l length of ellipsoidal or cylindrical granular particle
Mn Mason number

N (N) tensor (value) of demagnetization factors
P (AP) pressure (pressure drop)

0 volume flow rate

Re equivalent radius of pores

1% volume

v velocity of MR fluid in a tortuous channel
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Vo superficial velocity
x, y, z coordinates of the Cartesian system

Greek letters

o angle between the main axis of the flow and the direction of the meanfi¢lth a porous medium
Y wall shear rate

e porosity

¢, 0 angles of spherical coordinate system

p plastic viscosity

m relative magnetic permeability

o magnetic permeability of vacuum

B Bingham yield stress

780 Bingham yield stress in the magnetic field perpendicular to the flow
w wall shear stress

& tortuosity

v angle between the local flow and magnetic field in a porous medium
Subscripts

f liquid phase of a porous medium

S solid phase of a porous medium

Superscripts

* normalized values

1. Introduction

Magneto-rheological (MR) fluids are used to control, by the mean of a magnetic field, the flow rate or the pressure drop
inside hydraulic devices. A key problem for practical use is to find the best design of the channels where the magnetic fluid
will flow. This poses the problem of the orientation of the field relatively to the velocity. It is possible to demonstrate that, for a
pressure driven flow inside a straight channel, the best configuration is the one where the field is perpendicular to the velocity.
This configuration can be obtained by using a spiral channel inside a coil. An other simple device could be obtained with the
tortuous channels that naturally exist in porous media. Flow of MR fluids through packed beds of non-magnetic spheres filling
a solenoid has been investigated by Shulman et al. [1,2]. From their measurements they conclude that porous beds were more
efficient than spiral channels. Actually at the scale of the pore size (micro-scale), the flow is not unidirectional, and the local
field has various orientations relatively to the velocity of MR fluid. Furthermore, high local non-uniformity of the magnetic field
can take place, especially if we use a magnetic porous media, because of demagnetization effect in irregular porous matrix. At
the micro-scale local values of the magnetic field depend on the configuration and size of pores. At scale of the whole porous
matrix (macro-scale), mean values of the field depend on magnetic properties and configuration of the porous matrix, so both
scales are important to model the behavior of a MR fluid in a porous media.

In the second section of this paper we have presented the experimental device and materials we have used for investigation
of the flow of MR fluid through a porous medium. In the third part we have described the experimental results we have obtained
for different kinds of porous media. The section four is devoted to the presentation of the model we have used to predict
the discharge curve (a volume flow rate versus pressure gradient dependence) for different magnetic fields and any kind of
porous media (made of spheres or cylinders of different aspects ratio and also made of magnetic or non-magnetic materials); a
comparison between theoretical predictions and experimental results is also presented in this section.



P. Kuzhir et al. / European Journal of Mechanics B/Fluids 22 (2003) 331-343 333

2. Experimental device and materials

For the investigation of MR fluid flow through porous media in magnetic field parallel to the flow, the following experimental
setup has been used Fig. 1(a). The hydraulic loop consists of a double-acting piston filled with hydraulic oil, two rubber
membranes, and two solenoids surrounding a core filled by MR fluid and connected by a plastic tube. The membranes separate
MR fluid from oil and transmit motion from the piston to MR fluid. The use of two different fluids prevents a possible damage
of the piston caused by MR fluid abrasive particles. The porous samples having the shape of a cylindrical column were placed
in a tube at the center of the solenoids in the region of uniform magnetic field. While filling with MR fluid, degassing of the
system was performed with a vacuum pump. The pressure was measured as the piston moved from one extremity to the other
with a given constant velocity independent of the hydraulic resistance of the hydraulic loop. Then the piston returned to its
initial position. The pressure difference over the working section is up to 2 MPa and measured by two pressure transducers. The
flow rate (up to 6x 10~% m3. s~1) was controlled by an electric drive of the piston.

We have used a brushless electric motor SBC Electronica SPA NB707001, a frequency converter SBC Electronica SPA
HPD2N, that drives the motor, a frequency converter RS-422/RS-485 for linking HPD2N-converter with a PC acquisition card
Intelligent Instrumentation PCI-20428W. Electric current in the solenoids reached 8 A corresponding to the magnetic field
intensity # = 64 kA-m™1.

Two kinds of porous samples have been used, namely isotropic and anisotropic ones. Anisotropic media are made of
packed bundles of long non-magnetic cylinders of two sizes, placed parallel to the solenoid axis (Fig. 1(b)-(1)). Isotropic
samples are either packed beds of non-magnetic or magnetic spheres (Fig. 1(b)-(2)) or also randomly oriented non-magnetic
cylinders (Fig. 1(b)-(3)). Magnetic spheres used are made from magnetically soft bulk steel with the field dependence of relative
permeability given by Frolisch—Kennelly law:
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Fig. 1. (a) Experimental setup; (b) Different kinds of porous beds.
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whereyj = 250 is the initial magnetic permeabilityfs = 1360 kA- m~1 is the saturation magnetization.

Following the Kozeny—Carman model [3] of porous medium (model of tortuous channels), the latter is characterized by
porosity, ¢, tortuosity,&, and equivalent radiuge of pores. The porosity of a bundle &f cylinders is given by the formula
e =1— Nd2l/(D?L). Hereafterd, I stand respectively for the diameter and length of cylindersiand do for the dimensions
of the cylindrical porous bed. Porosity of beds was determined by the gravimetric method. The to&ueditis the ratio of
the length of a tortuous channel of a porous sample to the length of the sample. For a bundle of cylinders the tortuosity is unity
(¢ = 1) by definition; for packed beds it was determined from the pressure measurements of the flow of two standard fluids
(silicon oil of viscosity 0.1 and 1 Pas) as well as of MR fluid in the absence of field. For each of these three fluids we have
obtained the same result §n

The equivalent radiuRe of pores is defined as the radius of the cylindrical channel having the volume equal to the
volume V; of the liquid phase of the porous medium and the surface equal to the total wetted sigrédfabe solid phase:

Re =2V;/Ss=2(Vp/Sp) - (¢/(1 — &)) with V and Sp being the volume and surface of particles. This definition follows from
the capillary model of porous media [4]; for a cylindrical capillaty is the radius of the capillary. Some authors utilize the
“hydraulic radius” R, which is connected with the equivalent radius through the expresgiea Re/2 [3]. The following
formulas are used foRe: Re = de/(2(1 — ¢)) for the bundle of cylindersRe = de/(3(1 — ¢)) for the bed of spheres and
Re=de/[(2+d/1)(1— ¢)] for the bed of cylinders. All characteristics and dimensions of porous matrixes are presented in
Table 1.

In experiments we have used a MR fluid made of OTE carbonyl iron particles supplied by BASF, dispersed in silicon oil
47V20 and stabilized by a silicagel Aerosil-300, the volume fraction of magnetic particles is 30%. MR fluid has a density
o = 3000 kg- m—3, a relative magnetic permeabilitys = 4.8 in structured media angs = 2.5 in non-structured one, a yield
stressrgj = 25 Pa and plastic viscosityyj = 0.14 Pa s, both in the absence of field. Rheological properties in the presence
of the magnetic field transverse to the shear flow were measured in cone-plane geometry with a rheometer Haake RS-150. In
the range 206< y < 1500 s'1 and for fields O< H < 15 kA - m~1, we observed a Bingham behavior with the yield stress
following the empirical law:

g0 = 10ugH?, 2

wherep is the permeability of vacuum.

The plastic viscosity)p remains practically constant within the field range considered. At low shear rates (below00 s
flow curves are no longer linear and indicate that the real yield stress can be significantly lower than the one given by Eq. (2),
which was obtained by the linear interpolation of a flow curve to zero shear rate. In any event, in the range of shear rates that
we use, Eqg. (2) well represents the rheological behavior of our fluid.

For a given external magnetic fielllg, the fieldH; inside MR fluid for the bundle of long cylinders is supposed to be
undisturbed and equal to the external one. For porous beds, the mean field in MRIfluidill be determined as specified in
Section 4.1.

Table 1

Characteristics of the porous samples used in experiments
No of sample 1 2 3 4 5 6 7
Type of sample bundle bundle bed bed bed bed bed

of cylinders  of cylinders of spheres of spheres  of spheres  of spheres  of cylinders

Material inox. steel inox. steel  AD3-ZrO,  silicaglass  bulk steel bulk steel inox. steel
Dimension of grains, mm @2 x 70 @1x 70 214 20.9 2 o1 @1x5
Dimension of sample, mm @10x 70 @10x 70 @10x 70 @75x20 @10x70 @75x20 @10x70
Porositye 0.24 025 040 042 042 041 048
Tortuosity& 1 1 145 144 141 144 163
Equivalent radiusRe, mm Q41 026 031 022 048 023 052
Internal-to-external field ratio
(Hf)/Hg at Hg=20 kA - m~1 1 1 087 087 145 155 089
Fit coefficients of
™=C-Mn7":
n 0.92 094 093 090 092 089 096

c 4.90 612 169 252 212 199 333
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3. Experimental results

In porous media, the discharge curves are usually presented as the dependence of the presaurgaroipe pressure
gradient valueA P/ L) on the superficial velocityg. The latter is the ratio of the flow rai@ to the porous sample cross-section
and is connected with the mean velocityn a tortuous channel through the relatign= ve/&. Discharge curves for different
types of porous samples and with different values of the external magneticHielte shown in Fig. 2. All the discharge
curves including those not shown in Fig. 2 are linear and correspond to wall shear rate ﬂlpT& itside the porous channels.

The extrapolation of these curves to the axjs= 0 gives the yield pressure gradigit P/L),—g. This value is the apparent
threshold where the MR fluid begins to flow. As already pointed, the real yield stress is smaller than the one obtained from this
extrapolation, which corresponds to the dynamic yield stress of a Bingham model. Therefore true value of the initial pressure
gradient should also be lower than the apparent one.

Comparing Fig. 2(b) for porous bed of nonmagnetic spheres to Fig. 2(c) corresponding to magnetic spheres of nearly the
same diameter, we see that the magnetic bed gives a much higher pressure drop for a same external magnetic field. We shall
see in the following Section 4.1 that this result is due to the fact that the mean magnetiéifield MR fluid is higher for a
magnetic porous matrix than for a nonmagnetic one, due to different demagnetization effects. Therefore for the same external
field, the mean yield stress as well as the pressure gradient are higher for the magnetic porous media. The pR¢@fdldais
bed of non-magnetic cylinders is more than 2 times larger than that of non-magnetic spheres, therefore the pressure gradient is
higher for spheres, for a same magnetic field, as can be seen by comparing Figs. 2(b) and 2(d). At least we see in Fig. 2(a), that
a bundle of cylinders gives the lowest pressure gradient as we could expect, since in this case we have straight channels with
the field aligned on the velocity.

We wish now to determine a rheological law for MR fluid flow in a porous medium. According to [3], the rheological
behavior of non-Newtonian fluids in porous media can be characterized by quantities, like wall sheat,sardsvall shear
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Fig. 2. Dependence of the pressure gradient value on the superficial velocity for the following porous samples: (a) bundle ofaylmders
(b) bed of non-magnetic sphere<0.9 mm; (c) bed of magnetic sphered mm, (d) bed of non-magnetic cylinderg1l mm, length 5 mm.
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APRe
= — 3
Tw 2L , (3
. dvoé
= . 4
Yw eRe (4)

The last expression is the apparent wall shear ygtecalculated for a Newtonian fluid. For other fluids the true value of
wall shear rate is determined by Mooney—Rabinowitch procedure [1]. In a previous work [5], we have defined the rheological
behavior of MR fluid in a single cylindrical capillary subjected to an inclined magnetic field. At high shear rates, we have found
a Bingham behavior:

8 .
W= 218 + NpTu, ©)

with a yield stressp = (tg1 + 782)/2 (in fact, there are two yield stressgs; andtgy, which correspond to zones of positive
and negative velocity gradient: see [5] for details) and plastic viscagitifhe factor (3) in front of rg in Eq. (5) differs
from unity because we deal with apparent wall shear yat@nd because of the anisotropy of the plug [5]. So, for a system
of tortuous channels, we expect that the rheological law will have the same form as (S}ayithveraged over the different
orientations between field and flow. Substituting the expressions (3), (4fand yy into Eq. (5), we obtain the pressure
gradient vs. velocity dependence:

AP _ 16 ()  Blmp)?
L - 3 Re gRg

v0. (6)

Using this formula, unknown values of the mean yield stress and mean plastic viscosity can be obtained from the fit of
experimental discharge curves shown in Fig. 2. Dependencies of these quantities on the magnéke) firl/IR fluid are
shown in Fig. 3 for various porous samples. It appears that all experimental paiftséHs)) are grouped into two series of
points represented by the two solid lines in Fig. 3(a). The lower curve corresponds to results on porous samples made of straight
channels, the upper curve corresponds to results on packed beds. As expected, the yield stress for packed beds is far larger
than for straight channels. It comes from the change of relative orientation of the flow with respect to the one of the magnetic
field in tortuous channels of packed beds, so that the average yield &fgéss higher than in the case where the field and
the flow are aligned. Within the whole range of magnetic fields (up to 5MnikAthe plastic viscosity has a constant value:
(np) =0.16+0.03 Pa s, that is close to its valu;q;,i =0.14 Pa s in the absence of field (Fig. 3(b)).

Finally, we present all the discharge curves in normalized fofre= f(Mn). Heret* = (ty — t;)/(npi Yw) — Np/Npi IS
the normalized stress, Ma (8npiyw)/(M0<Hf)2) is the Mason number, which characterizes the ratio of hydrodynamic to
magnetic forces. Similarly to the field dependence of the yield stress, normalized flow etireefi§Mn) for packed beds and
for straight channels form two separate groups (Fig. 4). All the curves are approximated by the depehderdteMn™".
Experimental values of coefficientS andn are presented in Table 1. Slopesof each curve are close to the unity, that
corresponds to Bingham behavior.

0 : ‘ . 0 : , .
0 20 40 60 0 15 30 45
<Hp, kA'm™ <Hp, kA'm™
(@) (b)

Fig. 3. Dependencies of the mean Bingham yield stress (a) and the mean plastic viscosity (b) on the magnitude of the internal magnetic field
(Hs) for different porous samples: bundle of cylindeessmm: ¢ 2, 0 1; bed of non-magnetic spheresmm: A 1.4, x 0.9; bed of magnetic
spheresz mm: @ 2, v 1; bed of cylindrical particle® @1 x 5 mm.
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Fig. 4. Normalized stress versus Mason number in porous media (Notations are the same as in Fig. 3.)
4. Theory

The average vyield stregsg) has been obtained from the experiments, through a fit of Eq. (6), as a function of magnetic
field intensity and porous media characteristics. Now we are going to see how we can predict this average yield stress.

4.1. Magnetic field H;) inside the MR fluid

First, we need to average the magnetic field in the volume of a porous medium filled with MR fluid. We are in the case
where the dimension of pores is much smaller than the one of the whole porous sample, but much larger than the diameter of
MR fluid magnetic particles. Thus, at scale of pore dimension, MR fluid can be considered as an homogeneously magnetized
medium. The porous medium is therefore a two-phase disperse system containing liquid phase (MR fluid with relative magnetic
permeabilitys) and solid phase (particles making the porous bed with permeabi)ty

While averaging, we use three mean values of the magnetic field intensity, namely, thélfielderaged over the whole
volumeV of the porous medium, the fiel@Hs) in the liquid phase averaged over the voluef the liquid phase and the field
(Hs) in the solid phase averaged over the voluviaef the solid phase. These values are connected with each other through the
following relationship

(H)=¢(Hf) + (1 —&)(Hs). M

According to [6], the magnetic fielH) in a porous medium is determined in the same way as for a continuous medium,
i.e., using Maxwell equations. In the general case of a porous sample of arbitrary shape subjected to uniform extétpal field
the field (H) is non-uniform at the scale of sample dimension. But it is assumed to be uniform at the scale of a pore. If the
porous sample has a regular shape, in our case a cylindrical column, the magnetid fietah be considered as uniform, and
is related to the external uniform fiekdly through the tensalP of demagnetization factors of the porous sample [7]:

(H) + ((w) = NP - (H) =Ho, ®

where (i) is the effective relative magnetic permeability of the porous bed. For composite isotropic materials, the effective
magnetic permeability isu) = (B)/(H) by definition [7]. So, to calculatéu), we have to average the magnetic field induction

B over the volumeV of the porous sample. Following Landau—Lifchitz [7], we use the identical reldBon- us(H) =

% Jy (B —usH)dv. The integral is calculated separately over the voluiingand V; of solid and liquid phases

1 1 1

— B—uH)dV = — B— uH)d — B— usH)d

Vf( juiH) V/( Mf)V—I—V/( jiH) dv
\% Vi Vs

with B = uH in the liquid phase an® = usH in solid phase. We suppose that the permeabilitiesand us are field
independent. So, the integral over the voluvhés zero and the one ovéfs gives

1 1
V/(B—MfH)dV=(M5—Mf)7/HdV-
Vs Vs
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Since(Hs) = Vis fvs HdV andVs/V =1 — ¢, we obtain the following relations fqiB) and () respectively:

(B) = us(H) + (us — up) (L — ){Hs), 9)
() = ps+ QA —e)(us— pf) - (Hs)/(H). (10)
In the last expression we have replaced vectbts and (Hs) by scalars becausg:) does not depend on magnetic field
orientation in an isotropic medium.

Now we have two equations (7) and (10) to express the unknown quartitigs (H¢) as functions of(H). For linear
magnetic materials (MR fluid and particles of porous bed), we obtain:

(n) — pg
He)= ——— "1 . (H), 11
sl (1—&)(us — uf) ) 4
(Hp) = ms— (1) (12)
e(ps — 1uf)

The last step of the magnetic field calculation is the derivation of the effective magnetic perméabilitshich intervenes
into Egs. (8), (11), (12). There is a large amount of mean field theories (see [8,9]) for calculating the dielectric or magnetic
constants of composite materials. We have to keep in mind that these mean field theories are not adapted for densely packed
magnetic beds. They do not take into account the contacts of magnetic grains and closure of magnetic field lines on grains.
Only numerical simulations are able to give accurate results. When magnetic properties of the different phases do not differ
much, the effect of contacts between grains is not very important and, in practice, all the theories give a good agreement with
simulation results [9] whems/us < 4—5. So, for non-magnetic porous beds used in our experiments, we shall use Maxwell—
Garnett theory. This theory considers spherical grains dispersed randomly in a carrier medium and subjected to a local field,
called Lorentz field [8]. Such representation of a porous medium seems to well represent the real situation of densely packed
beds. For a bed of spherical grains it gives the following results for the effective permeability [8]:

_ md+20—e)p)

(w) a0 (13)
with 8 = (us — ug)/ (s + 2uf).
Inserting Eqg. (13) into Eqg. (12) reads:
1
(Hf)=m -(H), (14)

Eq. (13) can be easily extended to the case of non-spherical grains. Since the majority of granular particles can be
approximated by a triaxial ellipsoid, we have calculatedl for a packed bed of ellipsoidal grains (see Appendix for details of
derivation):

3 3
(1) = ps - [14‘(1—8)2(1—Ni)ﬁi:|/|:1—(1—€)ZNiﬁi:|v (15)

i=1 i=1
whereN; (i =1, 2, 3) are demagnetization factors of an ellipsoid along its main axesg;aad1/3) - (us— )/ (i + Ni (s —
M)

For a bed of spherical grainy; =1/3 (i =1, 2, 3), and Eq. (15) reduces to Eq. (13). For non-magnetic cylindrical particles
(of length-to-diameter ratid/d) used in experiments, we calculate demagnetization factors as for an ellipsoid of revolution
with the same major-to-minor semi-axis ratjal. Values ofN; are given by formulas [7]N1 = [(1 — €2)/e3][atanke) — e]
for i/d > 1, Ny =[(1+ €2)/e3](e — atan(e)) for I/d <1, Np = N3 = (1 — Nq)/2 with e = |1 — 1/(1/d)?|*/2 being the
eccentricity of an ellipsoid.

For high ratiosus/us most of the mean field theories fail but some of them give an unexpectedly good correspondence
with the numerical result. For instance, Looyenga theory gives a very simple analytical expression for spherical particles with
up/mf < 100 [10]:

) = [eni” + @ - oous”*). (16)

Analyzing Egs. (16) and (12), one can conclude that, if the solid phase has higher magnetic permeability than the liquid
phase(us > us case of MR fluid in a magnetic porous matrix), then the mean figl) in the liquid phase exceeds the mean
one (H). On the contrary, in non-magnetic matrigs < u¢) the mean field Hy) is always lower thanH). It supports our
previous hypothesis (see Section 3) that the fiéfg) in magnetic porous bed exceeds the one in non-magnetic bed for the
same external fieldy.
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We shall use the formula (16) for calculation of magnetic fields in a packed bed of magnetic spheres, that we have used in
experiment. Despite the simplicity of the result (16), its extension to the case of ellipsoidal grains seems to be quite difficult.
Furthermore, we are not sure that this modification will give a correct result for such high gafips. Thus, we restrict
ourselves only to theoretical consideration of magnetic grains of spherical shape.

While calculating mean fields in beds of spherical magnetic grains, we take into account the magnetization law (1) of bulk
steel. Since grains are packed inside a long cylindrical column subject to a longitudinal externblgfie@ldmagnetization
effect of the column is absent, $8) = Hg. First, as Eq. (1) applies to the solid phase we use the mean figldnto Eq. (1)
for obtainingus({Hs)). Then we substitute the functiqus((Hs)) into Eqgs. (16) and (11) fotu) and (Hs) respectively. Eq.

(11) becomes therefore a transcendental equatiofiHgr that we solve numerically. So, for a given val(#s) we obtain
the corresponding value @fs({Hs)). Finally, substituting the result fors((Hs)) into Egs. (16) and (12), we obtain numerical
results for(u) and (Hs) respectively, versus the fieldd) = Hp.

The most important value obtained from this calculation is the fafget (Hs)/ Hg for each porous sample that is given in
Table 1. For magnetic beds this factor is calculated for the externalfigld 20 kA - m=1.

4.2. Yield stress and pressure gradient

Let us consider the model of tortuous channels represented in Fig. 5. Magnetic field is assumed to be uniform inside the MR
fluid and equal to the mean fieltlls) in the liquid phase. For the sake of completeness, we shall study the general case where
the direction of mean fiel(Hs) (as well as ofH)) makes an angle € « < = with the mean flow direction (superficial velocity
vg). Channels have all the same radius equal to the equivalent rRdiapores. One given channel can be represented by a
broken line consisting of a large number, of rectilinear segments having the same lerigtBegments are randomly oriented
in space and their orientation is defined by the anglesd¢ with 6 the angle between the velocity and a segment of the
channel, ang the polar angle in the plane perpendiculavgoThe reference axis fas is the magnetic field componeitls) |
normal to the velocity (cf. Fig. 5(b)).

In isotropic medium any channel orientation is equivalent with respect to the polar aragld is described by the only
frequency distribution function(#). In order to determine this function, we take into account the following considerations.

1. Since the primary direction of the flow corresponds to the afig0, and the less probable direction doe¢ te =, the
frequency distribution function(#) should take maximal and minimal values in poifits: 0 andd = = correspondingly.

2. For porous media formed by straight channels the only direction of the flow:i8, so the frequency distribution function
should take the form

fo) — oo, 6=0,
()_{o, 6 #0.

3. In a porous medium with infinite tortuosity, each direction of local flow has equal probability, so the furiétiehduld

be uniform:
i) = { 1/2, 6€l0, 7],
0, 6¢[0,n].

4. The number of unknown parameters of the functi@h fs two (A1 andx,). They are determined from the normalization
condition and the expression for channel tortuosity. According to the model of tortuous channels, tortuosity is defined as

_ mh _ 1
hyiLycod6;)  (cog0))
Therefore the equations for determinig the parametgm@nda., takes the form:

3

(17

local

(b)
Fig. 5. (a) Model of a porous medium; (b) Sketch of the anfgleetween local flow and field in the MR fluid.
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0 /6 /3 /2

Fig. 6. (a) The distribution function#) of channel orientations; (b) Dependence of the mean reduced yield stress of a MR fluid in porous media
on the magnetic field orientation angte, relative to the mean flow direction. 1 — bed of sphetes: 1.44, 2 — bed of cylinderss = 1.63,
3 — channels of infinite tortuosity — oo, 4 — straight channelg: = 1.

oo
/ f(0) sin(@) do = 1, (18)
—00
: —¢ (19
Jg f@ cog®)sin@)do

In a classical work [11] the author postulates that all directions of local flows corresponding #9'2 in a packed bed of
spheres are equal and that reverse fl@vs 7 /2) do not occur. Thus, the distribution function is

1, 0€[0,7/2],

16 = {o, 0 ¢1[0,7/2].

He calculates tortuosity using mean an¢é = /4 between streamlines of local flows and mean flow 1/ cos(6) = /2.
This result is in an excellent agreement with experiments, although the correct expression Eq. (17) for tortuogity: §ives

We choose a Gauss like functiof@j, that keeps some resemblance with the shape of the step-function proposed in [11] (the
curve marked ‘Carman’ in Fig. 6(a)) and satisfies all the requirements specified above:

0, 0 ¢[0, 7],
f(0) = { 2
L eXp(—A00%), 6 €0, ).

The distribution function®) is shown in Fig. 6(a). The peak valu@f is higher for the bed of spheres £ 1.44, curve 1)
compared to the bed of cylindrical grains=£ 1.63, curve 2). The probability of reverse local flos> 7 /2) is almost zero
for both beds. The higher tortuosity, the closer is the distribution function to the uniform(@ne-fL/2 applied to a porous
medium of infinite tortuosity (curve 3).

As local values ofrg andnp on a given segment of a channel, we take those obtained experimentally for a long cylindrical
channel [5]. Thereforeg andnp are functions of the value and orientatignof the field (H¢), wherey is the angle between
the channel axis line and magnetic field lines (cf. Fig. 5(b)). It can be expressed through knowrdvapues, if we consider
the scalar production of two unite vectogsandiy in the direction of the local flow and of the field correspondingly (Fig. 5(b)).
The coordinates of these vectors &e(0) cog¢), sin@®) sin(¢), cog6)) and (sin(x), 0, cogw)), the angle between them
is ¥. So, for cogy) we obtain:

cogy) = sin(9) cog¢) sin(e) + cog6) cogw). (21)
The empirical dependence of the yield strggn the field(H;) and angle) takes the form [5]:

(20)

B8 = 1R0((Hf)) - TR (V). (22)

). 0<v<Z, .
5= . q(¥) =0.3353 acoE7.594<— - w) - 6.263]. (23)
gt —v). Z<v<m, 2

Here, the reduced yield streg§ = g /g is the ratio of the yield stress for the given field orientation to tgtfor the
transverse fieldy = /2). The empirical dependenago((Hs)) is given by Eq. (2). The symmetry of the functiag ()
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relatively toy = /2 corresponds to the equivalency wfandz — ¢ for the magnetic field orientation with respect to the
velocity vg. There is no obvious dependence of the plastic viscosity on the magnitude and orientation of the field. In both
experiments with single channel [5] and porous media (Section 3 of the presentpafmrnp)) does not varies significantly

with the orientation of the magnetic field. Thus, we assumerihiat constant over the whole volunig of MR fluid in a porous
medium and equal to its value in the absence of the field.

The yield stressg is averaged over the random orientation of a tortuous channel, i.e., over the solidangle 4

(t8) = T80 (3), (24)
1 2

(5 _Z//f(e)rg(w)sin(e)dew. (25)
0

The angley is given by Eq. (21) andg () by Egs. (22), (23).

To demonstrate the orientation effect of the external magnetic field or, rather, théHieldn MR fluid flow in a porous
medium, we plot the dependence of the mean yield stfggson the anglex between the fieldH) and the velocityvg
(Fig. 6(b)). The value of unity corresponds to straight channel in a perpendicular field. In this case, where the tortuosity is
unity, the dependence anis shown by the dotted curve (curve 4). When the tortuosity increases, the different orientations
of the channels characterized b ¥ contribute to smooth the angular dependence of the yield stress; nevertheless, there is
still a factor of about 1.5 for the bed of cylinders (curve 2 with- 1.63) between aligned fieldx = 0) and perpendicular
field (« = 7/2). The absence of dependence is obtained for infinite tortuosity (curve 3) but with a value of 0.73 instead of unity
for straight channels in perpendicular field. The case of a bed of spheres (curve 1) is quite close to the one of long cylinders.

For the external field longitudinal to the flow, as in our experiment, we havd, soy = 0, and the expression (25) reduces
to

(t5) = /f(e)rg(e)sin(e)de. (26)

In a general way we can conclude that the higher the tortuosity of a porous medium, the narrower the range of mean yield
stress variation.

To calculate the pressure gradient, we should substitute the mean yield stress given by Egs. (24), (25) into Eq. (6).
In order to obtainAP/L as a function of the external magnetic fiet), we should express the fielH; intervening in
80 T80 = 10uoH? = 1010 fZHZ. The calculation of factorfq = (Hy)/Ho has been described in Section 4.1. For long
columns of porous beds subjected to the longitudinal figtth = Hy, fq4 is determined either with Egs. (12), (15) for non-
magnetic grains or with Egs. (12), (16) for magnetic ones. For the bundle of long cylifigessl. Finally, we obtain the
following formula for the mean yield pressure gradiéntP /L), —o:

AP 165
<T>v o 371R 10M0de0 (t ) (27)

We have compared in Fig. 7 the experimental value&/aP/L),—g to the theoretical predictions given by Eq. (27). The
theory, represented by the solid curve, is quite close to the experimental results. The slight difference for cylinders could come

1000

magnetic
spheres lmm;
A non-magnetic
spheres 0.9 mm;
¢ non-magnetic
cylinders;
theory

500 -

(AP/L),=, 10° Pa-m™

H(), kA-m'l

Fig. 7. Dependence of the yield pressure gradient in different porous beds on the external magnéiis; iefdparison theory-experiment.
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from the channel distribution function(d) that, for cylinders, likely underpredicts the number of channels aligned with the
main axis of flow.
5. Conclusions

We have given new experimental results concerning the flow of a MR fluid through different kinds of porous media.
A model aiming to predict the pressure drop versus magnetic field in porous media has been presented, that well reproduces our

experimental results. This model emphasizes the role of tortuosity on the increase of pressure drop, through the dependence of

yield stress on the angle between field and flow. It also shows that a packed bed of magnetic grains gives a much higher pressure
drop than a bed of non-magnetic grains. Using this model we are able to compare the efficiency of various kinds of porous beds
and spiral channels for the control of pressure drop with a MR fluid. This will be the subject of a future work.
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Appendix A. Calculation of the effective magnetic per meability of a packed bed of ellipsoidal grains

In order to determinéu) we need to know the mean fieldZs) in the solid phase (see Eq. (10)). First we calculate the
magnetic fieldHs inside an arbitrary ellipsoidal grain. According to Maxwell Garnett, each grain is immersed into a medium
with permeabilityus and an external fielth called the Lorenz field [8]. Thus, the fiel inside a grain is determined by the
following expression:

pfHs + (s — uN - Hs = ueHb, (A1)

whereN is the tensor of demagnetization factors of an ellipsoidal grain. The Lorenz field for spherical particles is given by the
formula [8] HL = (Qus + () {H)/(3us), that can be extended to the general case of ellipsoidal particles:

L_ (LY. N .
H —(M) [t (H) + (1) — )N - (H)]. (A.2)

We choose a Cartesian coordinate systeny, z) in such a way that the axiscoincides with the direction of the magnetic
field (H). The second Cartesian coordinate systerny’,z’) is adjusted to the axes of an ellipsoidal grain. The system
(x’,y’,7') is formed from the original onéx, y, z) by rotation of an anglé about the axig followed by a rotation of angle
around axig’. The rotation matrix of these transformations takes the form [12]:

cogh)coqg¢p) —sin(¢) sin@®)cod¢)
2= (cos(@)sin(¢) cog¢) sin(@)sin(¢)) .
—sin(®) 0 cogo)

(A.3)

Projections of the magnetic fiel¢H) on coordinate axes’, y’ andz’ of a grain are determined from the following matrix
relation:(H’) = £ - (H). Hereinafter all vector and scalar magnitudes considered in the coordinate gystein:’) are denoted
by a stroke. Projections of the magnetic field on axest’, y’ andz’ are calculated from Egs. (A.1), (A.2):

Hy =ai - (H');, (A.4)

with a; = [us + N; ((u) — we)1/Ins + Ni(us — s)] andN; (i = 1, 2, 3) being demagnetization factors of an ellipsoidal particle
in directions of particle axes.
ComponentgHY); of the fieldHj are transformed into the original coordinate systeny, z) using the following relation:
Hs=2"1. Hs. So, we obtain the following expressions for the components of theHigidside a grain:
Hsy = [a1 cog(0) sin(®) coL(¢) + az cog6) sin(d) Sinf(¢) — az cos) sin®)] - (H),
Hsy = [—a1 Sin(9) sin(¢) cos(¢) + az Sin(0) sin(¢) cos¢)] - (H), (A-5)
Hs; = [a1 Si?(0) cof(¢) + ap Sinf(0) sin(¢) + agco(9)] - (H).
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Now we perform the averaging of componerfig; over the solid angle & using the following relation:(Hg) =
% fOZ” do fé’ Hg; sin(6) do. As expected, we obtain zere and y-components ofHs) and non-zerg-component. The final
result for the mean fieldHs) is:

a1 +az+a
(Hs) = [%23] - (H) = {a) - (H). (A.6)

Note that the relation [8]m) = («) - E between the mean dipole moment) of randomly oriented ellipsoidal particle and
the external electric fiel& is similar to (A.6), i.e., the proportionality factor (polarizabiliy) is the arithmetic mean of its
values for the main axes of the ellipsoid. SubstitutfRig) from Eq. (A.6) into Eq. (10), we obtain a linear equation{pn that
we can solve (see Eq. (15)).
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